For a locally compact abelian group G, J.L. Taylor(1971) gave a complete characterization of invertible elements in its measure algebra M (G). Using Fourier-Stieltjes transforms, this characterization can be done in the context of Fourier-Stieltjes algebras B(G) of abelian G. We obtain this latter characterization for Fourier-Stieltjes algebra B(G) of certain class of locally compact groups, in particular, many totally minimal groups and ax + b group.
Introduction
The principal goal of this paper is to prove the following theorem.
Theorem 1.1. Let G be locally compact group such that the Fourier-Stieltjes algebra B(G) with the maximal ideal space ∆(B(G)) admits the following decomposition:
The measures ν i are unique modulo exp(L 1 (G τ i ) ⊕ C1). By G τ continuously isomorphic to G, we mean, G τ is G as a group, but is an l.c.a group under a topology τ possibly stronger than that of G.
For a non-discrete locally compact abelian group G , several behaviours such as Wiener-Pitt Phenomenon, assymmetricity of M(G) and existence of independent Cantor sets indicate that the spectrum of M(G) is quite complicated, as is the problem of deciding when µ ∈ M(G) is invertible (i.e. when µ does not vanish on ∆(M(G))). In [Tay72] , with varying degrees of technical difficulty, Taylor reduces the problem of invertibility in M(G) to a symmetric subalgebra L(G), the closed linear span of all maximal subalgebras which are isometrically isomorphic to some locally compact abelian group. He calls this the spine of M(G).
The commutative analogues of M( G) and L 1 ( G) for general locally compact groups are the Fourier-Stieltjes algebra B(G) and the Fourier algebra A(G), introduced by Eymard ( [Eym64] ). When G is abelian, the Fourier-Stieltjes transformation maps M(G) isometrically onto B( G) and L 1 (G) onto A( G).
In the context of Fourier-Stieltjes algebra B(H) for an abelian H, the above characterization says that every invertible element u ∈ B(H) is of the form u = v 1 · · · v n e w where v i ∈ (A(H τ i ) ⊕ C1) −1 and w ∈ B(H). Because of duality, we would have H τ i are continuously isomorphic to H. It follows that the topologies τ i are coarser than that of the ambient group topology. In [IS07] , Ilie and Spronk develop the non-commutative dual analogue of the spine of an abelian measure algebra and ([IS07], Theorem 5.1) provides an explicit description of these topologies τ i . Moreover, they note that it would be interesting to determine if this is true in general.
Fortunately, for a decent class of locally compact groups G that we will encounter in this paper, B(G) is symmetric and the Gelfand spectrum of B(G) is tractable enough as in the hypothesis of Theorem 1.1 to allow such characterization with less effort.
We describe briefly the structure of this paper: In Section 2, we establish notation and recall some of the necessary background. In Section 3, we observe an consequence (Corollary 3.2) of Arens-Royden Theorem ([Are63], [Roy63] ) and thereby, we obtain that the abstract index group of regular Rajchman algebras B 0 (G) is exactly the abstract index group of Fourier algebras A(G) (Remark 3.4). Here B 0 (G) is the set of all functions in B(G) that vanish at infinity. We end this section with an another observation, which gives the desirable characterization readily in the case of Euclidean motion groups, p−adic motion groups and ax + b group. In Section 4, we prove a Proposition 4.1 which when combined with Corollary 3.2 or Remark 3.4 yields the main theorem. In Section 5, we present several classes of locally compact groups G that includes many totally minimal groups, connected semisimple groups with finite centre and extensions of compact analytic group by a nilpotent analytic group. We deduce from [May97b] , [May97a] ,[May99], [Cow79a] , [LM81] that their B(G) is symmetric with their Gelfand spectrum being a semilattice of groups and satisfies the hypothesis of Theorem 1.1.
Notation and Background
Let G be locally compact group. The F ourier-Stieltjes algebra B(G) is one of the most fruitful constructions of a dual object for a general locally compact group G, due to P. Eymard ([Eym64] ). The space B(G) is the linear span of the set P (G) of all continuous positive definite functions on G and can be identified with the Banach space dual of the group C *algebra C * -algebra. For u ∈ B(G) and f ∈ L 1 (G), the pairing is given by
Banach algebra under pointwise multiplication and the dual space norm. Every u ∈ B(G) is the coefficient function of some unitary representation of G. More precisely, given u ∈ B(G), there exist a unitary representation π of G and ξ, η ∈ H π , the Hilbert space of π, such that u(x) = π(x)ξ, η for all x ∈ G and u = ξ . η .
The F ourier algebra A(G) is the closed ideal of B(G) generated by all compactly supported functions in B(G). Every u ∈ A(G) is the coefficient function of left regular representation λ of G. The spectrum or Gelfand space ∆(A(G)) of A(G) can naturally be identified with G. More precisely, the map
, is a homeomorphism between G and ∆(A(G)).
When G is abelian and G the dual group of G, then the inverse Fourier and Fourier-Stieltjes transforms map A(G) and B(G) isometrically isomorphic onto the dual group algebra L 1 ( G) and the measure algebra M( G), respectively.
More generally, denote by A π , the closure in B(G) of all matrix cofficients of a unitary representation (π, H π ). By Arsac's theory ([Ars71],3.1.II), A π characterizes (π, H π ) up to quasi-equivalence. The Rajchman algebra B 0 (G) is defined as the intersection
We have the following inclusion: A(G) ⊆ B 0 (G) and in the sequel, we always identify ∆(A(G)) with G and consider ∆(A(G)), so G, as embedded into ∆(B 0 (G)) and ∆(B(G)) by evaluations.
We let W * (G) = B(G) * , the von Neumann algebra generated by the universal unitary representation ̟ G on G. By Arsac's theory ([Ars71],3.17), any closed translation-invariant subspace A of B(G) is of the form
where Z ∈ W * (G) is a central projection and Z. π(.)ξ, η = π(.)Zξ, η .
Let us end this section with certain facts about ∆, the spectrum of
Let ∆ + and ∆ p denote the positive, Hermitian elements and self-adjoint idempotents in ∆, respectively. If G is not compact, then ∆ contains partial isometries and projections different from e, the identity of G. In what follows, let Σ(G) denote the class of all continuous unitary representations of G modulo unitary equivalence. We remark that any continuous unitary representation (π, H π ) of G extends uniquely to a normal (i.e. σ(W * (G), B(G)) continuous) representation of W * (G).
Theorem 2.1. Given G, B(G), W * (G) and ω G the universal representation of G, then
where AP (G) denotes the C * -algebra of almost periodic functions on G.
A Consequence of Arens Royden Theorem
If A is a commutative Banach algebra with identity, we denote by A −1 the multiplicative group of all invertible elements of A. If a = e b for some b ∈ A, then a ∈ A −1 with a −1 = e −b . Hence the group exp A of all elements of A with logarithms is a subgroup of A −1 . If A −1 is given the norm topology, then it is a topological group with exp A as an open subgroup. Note that if a = e b ∈ exp A then t → e tb (t ∈ [0, 1]) yields an arc in exp(A) connecting a to 1. Hence, exp(A) is exactly the connected component of the identity in A −1 . We denote the discrete group A −1 / exp(A) by H 1 (A).
Let ∆(A) be the Gelfand spectrum of A. We denote the group
into exp(C(∆(A))). In fact, for any unital Banach algebra homomorphism
Theorem 3.1 (Arens and Royden, [Are63], [Roy63] ). If A is a commutative Banach algebra with identity 1 and spectrum ∆(A), then the map
The following result may be well known though it is not explicitly found in literature. So we provide a proof. Proof. By Theorem 3.1, if Γ j (j = A, B) denotes the Gelfand transform of j and H 1 (Γ j ) correspondingly induced maps, we see that
Recall that A is called regular if given any closed subset E of ∆(A) and γ ∈ ∆(A)\E, there exists a ∈ A such that a = 0 on E and a(γ) = 0. Recall that A(G) is regular for any locally compact group G. The next theorem says about regularity of B 0 (G) for general locally compact groups G. Note that for a locally compact abelian group G, B 0 (G) is regular only if G is compact.
The condition ∆(B 0 (G)) = G is closely related with asymptotic properties of (strongly continuous) unitary representations (π, H π ) of a locally compact group G and with their relations to square-integrability. By the latter we mean that there is a dense subspace D of H π , such that for all
Square-integrable representations are C 0 -representations, which means that all matrix coefficients of π lie in B 0 (G), but not vice versa. It follows from the results of Rieffel[Rie69], Duflo-Moore [DM76] and others that a representation (π, H π ) is square-integrable if and only if it is quasi-equivalent to a subrepresentation of the regular representation (λ G , L 2 (G)). We write π q ≤ λ G .
The following theorem proved in [May99], shows that, for certain real algebraic groups, every C 0 -representation has a square integrable tensor power. In fact, recall that a connected real algebraic group G has a unique largest unipotent radical N, and decomposes as
where H is a reductive Levi-complement of N. N and H are Zariski-closed, N is simply connected with respect to the topology induced by GL(n, C) and H acts algebraically and reductively on the Lie algebra n by the derived representation. The centralizer in G of a subset S ∈ G is denoted by C G (S). (
where Z is the center of N.
Then there exists a finite k 0 ∈ N such that for all k ≥ k 0 and for all representations (π, H π ) whose subrepresentations all have compact kernel
Several examples of groups are known such that, for every C 0 -representation [FTP78] showed that A r (G) is not norm dense in B 0 (G) if the center of G is not compact or if G is non-compact nilpotent group. Their conjecture reads as follows Conjecture 3.6. Let G be an analytic group with compact center and without non-compact nilpotent direct factors. Then A r (G) is dense in B 0 (G) i.e., ∆(B 0 (G)) = G.
Figà-Talamanca and Picardello
The question when C 0 -representations are square-integrable, has been widely studied. One of the most important results is that the left regular representation splits into irreducibles if every C 0 -representation is squareintegrable, i.e., B 0 (G) = A(G)([FT77], [BT79] ). The converse, though not true in general [BT78] , holds for many semidirect product groups, including the affine group and p-adic motion groups. This follows from ([RS07], Proposition 2.1). In [Knu17b] , Knudby proves the following result. Let G be a second countable locally compact group. Then B 0 (G) = A(G) provided that G satisfies the following two conditions: G is type I, and there is a noncompact closed subgroup H of G such that every irreducible representation of G is either trivial on H or is a subrepresentation of the regular representation. He is able to prove that B 0 (P ) = A(P ) for the minimal parabolic subgroup of several simple Lie groups. In [Knu17a] , he shows uncountable many (non-isomorphic) second countable locally compact groups G such that B 0 (G) = A(G) and G has no nontrivial compact subgroups. Also, he proves B 0 (G) = A(G) by weakening the above conditions: G is type I and there is a countable family H of non-compact closed subgroups G such that each irreducible unitary representation of G is either trivial on some H ∈ H or is a subrepresentation of the left regular representation of G. The advantage with this condition is that it is preserved under direct products. Khalil [Kha74] showed that the ax + b group, which is non-compact and solvable, satisfies A(G) = B 0 (G) and by the above mentioned result, if G is direct product of ax + b group with itself, then B 0 (G) = A(G).
Remark 3.7. For a unital Banach algebra A = I ⊕ B where I is an ideal and B is an closed sub-algebra, we have
The above remark immediately describes the structure of invertible elements in the following examples.
Euclidean Motion groups. Let
(3) ∆(B 0 (G)) = G(i.e. B 0 (G) is regular) and ∆(B(G)) = G ∪ SO(d).
By Remark 3.7 and 3.2, we have
3.2. n th rigid p-adic motion like groups. Let G = A ⋊ K where (1) K is a compact group acting on an abelian group A, with each of the groups separable, and (2) the dual space G is countable and decomposes as K
where K is the discrete dual space of K, q : G → K is the quotient map, and each λ k is a subrepresentation of the left regular representation.
Then by ([RS07], Proposition 2.1), we have B(G) = A(K) • q ⊕ l 1 A(G). By Remark 3.7, we have
Examples of such groups are the n th rigid p-adic motion group G p,n := Q n p ⋊ GL(n, O p ), where Q p is the field of p-adic numbers, O p := {r ∈ Q p : |r| p ≤ 1} is the p-adic integers, which is a compact open subring of Q p , and the compact group GL(n, O p ) which is the multiplicative group of n × n matrices with entries in O p and determinant of valuation 1, acts on the vector space Q n p by matrix multiplication. For n = 1, this is the p-adic motion group Q p ⋊ T p , where T p = {r ∈ Q p : |r| p = 1}. The above decomposition for B(G p,1 ) was proven independently in [Wal76] and ( [Mau77] . {(a, b) : a, b ∈ R, a > 0} with multiplication (a, b)(c, d) = (ac, ad + b). If j : G → R is the homomorphism given by j(a, b) = log a, then j is continuous with
By Remark 3.7,
The groups continuously isomorphic to R are just R and R d (Reals with discrete topology). Hence by ([Tay79], Theorem 3), each µ ∈ M(R) −1 has the form µ = ν 1 * ν 2 * e w for ν 1 ∈ (L 1 (R)⊕C1) −1 , ν 2 ∈ L 1 (R d ) and w ∈ M(R). Via Fourier-Stieltjes transform, this factorization of invertible elements in B(R) has the following form: each u ∈ B(R) −1 has the form u = v 1 v 2 e w for v 1 ∈ (A(R) ⊕ C1) −1 , v 2 ∈ A(R ap ) −1 and w ∈ B(R), Here R ap is the almost periodic compactification of R which is also the Pontraygin dual group of
Main Theorem
Assume for this section that our locally compact group G is such that the maximal ideal space ∆ of B(G) is semilattice of groups and B(G) has the following decomposition:
Here z ′ ≤ z means z ′ z = z ′ . The following proposition is an adaptation of [Tay79] , Proposition 4.5.
Proposition 4.1. If u ∈ B(G) −1 , then u = ψ 1 .ψ 2 . . . ψ n exp(ρ) with ρ ∈ B(G) and each ψ i ∈ (A r (G z i ) ⊕ C1) −1 for some z i ∈ ∆ + Proof. The finite union of these subalgebras, A r (G z ) for z ∈ ∆ + , is dense in B(G). So given u ∈ B(G) −1 , find ψ in one of those finite union such that u − ψ ≤ u −1 −1 . Then ψ ∈ B(G) −1 and u = ψ * exp(ρ) for some
. .+A r (G zn ) for some z 1 , z 2 , . . . , z n ∈ ∆ + . We can also assume that the almost periodic component of u is 1, because if u ∈ B(G) −1 , then z F .u ∈ A(G z F ) −1 and we can replace
. . , n and ψ ′ z j ⊥ A r (G z 1 ). By means of induction, we obtain the required factorization.
Proof of Theorem 1.1. By Remark 3.4, each ψ i from the proof of Proposition
Examples
In this section we describe some classes of locally compact groups G for which the spectrum of their Fourier-Stieltjes algebra is a semilattice of groups and satisfies the hypothesis of our main theorem 1.1. (1) G = N ⋊ K, where K is a compact analytic group, and (2) the action of K on the Lie algebra L(N ) has no nonzero fixed points.
Let X be the set of (necessarily closed) G-normal analytic subgroups of N which contain T p , together with the trivial subgroup {e}. We regard T p / ∈ X. Liukkonen and Mislove ([LM81], Section 3) proved that for such groups B(G) is symmetric if and only if the above conditions hold and their analysis is detailed enough to yield a following decomposition of B(G) and description of its maximal ideal space ∆ :
Theorem 5.1 ([LM81], Theorem 3.1). Suppose G is an analytic group such that G/T p = N/T p ⋊ K, where K is compact analytic, N is nilpotent analytic, and T p is the maximal torus in Z(N). Suppose the action of K on L(N/T p ) has no nonzero fixed points. Then the maximal ideal space of B(G)
Multiplication in ∆ is given by: g 1 V 1 g 2 V 2 = g 1 g 2 V 1 V 2 . Convergence may be described as follows: if g n V n → gV in ∆, then eventually V n V and g n V → gV in G/V . Conversely, given a sequence {g n V n } ⊂ ∆, there is a unique smallest dimensional V such that V n ⊂ V eventually and {g n V n } is eventually bounded in G/V ; if g n V → gV in G/V , then g n V n → gV in ∆.
5.2.
Connected semisimple Lie groups with finite center. Let G be a semisimple Lie group, connected with finite centre. Then we may decompose G = (G 0 × G 1 × · · · G n )/C where G 0 is compact analytic, all G 1 , . . . , G n are non-compact and simple analytic and C is a finite central group of the product. Now let S be the set of groups G F = k∈F G k /C F where F is a (possibly empty) subset of {1, . . . , n} and C F = C ∩ k∈F G k . 5.3. Totally minimal groups. We call group G totally minimal if for any closed normal subgroup N, the factor group G/N admits no Hausdorff group topology which is strictly coarser than the quotient topology.
Theorem 5.3 ([May97a], Theorem 2.5). For a connected locally compact group G, the following are equivalent:
(1) G is totally minimal;
(2) there exists a compact normal subgroup K ⊳ G such that the factor group such that
where N is a simply connected nilpotent Lie group, H is connected linear reductive and H operates on N without nontrivial fixed points. 
